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Graphene under the influence of Aharonov–Bohm flux and constant magnetic field
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Investigation of real two–dimensional systems with Dirac–like electronic behavior under the in-
fluence of magnetic field is challenging and leads to many interesting physical results. In this paper
we study 2D graphene model with a particular form of magnetic field as a superposition of a ho-
mogeneous field and an Aharonov–Bohm vortex. For this configuration, electronic wave functions
and energy spectrum were obtained and it was shown that the magnetic Aharonov–Bohm vortex
plays the role of a charge impurity. As a demonstration of vacuum properties of the system, vacuum
current, as well as an electric current, is calculated and their representation for particular limiting
cases of magnetic field is obtained.
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I. INTRODUCTION
Recent investigations in condensed matter physics re-
vealed a number of materials, that can be described by
the effective two dimensional Dirac equation. The well
known example of such systems is graphene, the planar
monoatomic layer of carbon1–5, where the gapless na-
ture is protected by sublattice symmetry. Band struc-
ture of the pz orbitals in graphene is formed by the two
bands with the linear dispersion at the Fermi level at two
inequivalent points of the Brillouin zone. The nearest–
neighbour hoppings in graphene are much more stronger,
than next to nearest–neighbor ones, thus electrons can be
effectively modelled by using a continuum version of the
tight-binding model, leading to the Dirac equation for
massless fermions6–9.
Further researches of electronic behavior in 2D mod-
els by the Dirac equation with account for topological
properties were made in10–13. In particular, the speci-
fied study in the application to graphene with different
types of defects14–16 gave important results concerning
nontrivial properties of transmission of propagating par-
ticles. Note also the recent theoretical studies of elec-
tronic transport through line defects in graphene17–20,
which can be used to control the electronic transport
in graphene. Furthermore, the electrons in the surface
states of the 3D topological insulators21–23, where the
crossing point is also protected by topology, and in 3D
Weyl semimetals24–26 behave as two–dimensional Dirac
particles as well. Therefore, investigations of the 2D ma-
terials with nontrivial topology with the use of the Dirac
equation are of great importance nowadays.
On the other hand, applying of the electric field to
Dirac systems is also challenging and leads to many im-
portant features. For example, recent investigations in
graphene and graphene like models under the influence
of AC27–29 and DC1,30 electric fields demonstrate a pos-
sibility to change the band structure of the system and
the dynamics of quasiparticles. Magnetic fields of com-
plicated configuration might also be the cause of various
non-trivial effects. Exact solutions of relativistic wave
equations for the 3D and 2D Dirac systems with the su-
perpositions of Aharonov–Bohm, magnetic, and electric
fields were obtained in31,32. Further studies of the effect
of the Aharonov–Bohm magnetic field, produced by a
thin solenoid in plane structures, were made in33–36 and
resulted in calculations of the density of states, induced
charge density and induced current. It is worth mention-
ing, that similar effect has been investigated in37,38 in the
context of quantum field theory.
In this paper we develop a continuum description of the
Dirac model of graphene with the superposition of a con-
stant and homogeneous magnetic field and an Aharonov–
Bohm vortex of finite radius. We obtain the wave func-
tions and energy spectrum of electrons and show that
the Aharonow–Bohm vortex in graphene plays the role
of a charged defect, which certainly affects the energy
spectrum. We also derive, using the effective potential
method, the vacuum current induced in the model, and
consider the electric current in the strong magnetic field
limit and show, that it is directed along the Aharonov–
Bohm vortex.
The paper is organized as follows. In Section II we
introduce the Dirac equation for the system with the ho-
mogeneous magnetic field and the Aharonov–Bohm vec-
tor potential. Upon solving the equation of motion it
was possible to obtain the eigenvalues and eigenstates of
the problem and show that the vortex field affects the
spectrum as the charged defect only in the case, when it
is captured by the electronic trajectory. In Section III
we introduce the effective potential and study the weak
and strong field limit. Vacuum current is also obtained in
this section for the both limits of magnetic field strength.
Section IV is dedicated to calculation of the electric cur-
rent in the strong magnetic field limit and finally, Section
V contains a summary and conclusions.
II. DIRAC EQUATION
We consider the magnetic field configuration to con-
sist of two separate components: a homogeneous mag-
2netic field and an Aharonov–Bohm field. In cylindri-
cal coordinates (r, ϕ, z) a homogeneous magnetic field
is directed along the z axis ( ~B||Oz), which is perpen-
dicular to the graphene surface. The vector potential of
the Aharonov–Bohm field has only angular component
~AAB = (0, AABϕ , 0) and is regularized by the finite ra-
dius of the circle R. Then, the vector potential of the
total magnetic field configuration can be written as
~A(r) = Aϕ~eϕ =
(
AABϕ θ(r −R) +
1
2
Br
)
~eϕ, (1)
where AABϕ is the Aharonov–Bohm potential
AABϕ =
Φ
2πr
(2)
with Φ = µΦ0 (µ = const) as the total magnetic flux of
the vortex, and
Φ0 = 2π~c/|e| (3)
is the magnetic flux quantum of the electron (it is as-
sumed that ~ = c = 1 in what follows due to the appro-
priate choice of system of units). This vector potential
produces the total magnetic field of the form
~B(r) = ~∇× ~A =
(
B +
Φ
2πR
δ(r −R)
)
~ez. (4)
It should be mentioned here, that in our problem we
consider the solution in the region r > R only, due to the
fact, that the radius of the Aharonov–Bohm vortex R
is usually small enough and comparable to the distance
between the neighbouring atoms. Thus, we are interested
in the effects that take place at a certain distance from
this vortex r ≫ R.
We assume that motion of electrons is described by the
planar 2D Dirac equation
HDΨτ = i∂tΨτ , (5)
where the Dirac Hamiltonian operator
HD = −Iσ1 [i∂x − |e|Ax(~r)]− τ3σ2 [i∂y − |e|Ay(~r)] (6)
includes the gauge potentials Ax(~r) and Ay(~r)
39 with the
charge e = −|e|, σi as 2 × 2 Pauli-matrices in the pseu-
dospin space40, τ3 as the Pauli matrix in the valley sub-
space with the eigenvalues τ = ±1 for the two Fermi
points K, K ′, corresponding to valleys at the corners in
the first Brillouin zone, I is the unit matrix in the same
space41. Fermi velocity in what follows is supposed to be
equal to unity with the corresponding choice of the units.
Here the 4–spinors in the 2D plane Ψτ (~r) (~r = (x, y))
consist of two 2–spinor components Ψi,τ (i = 1, 2)
Ψτ (~r) =
(
Ψ1,τ
Ψ2,τ
)
(7)
describing electrons at the two A, B sublattices
(i = 1, 2) with eigenvalues τ = ±1 of τ3 for two Fermi
points K, K ′. The expression Eq. (6) implies that the
low-momentum expansion around the other Fermi point
with τ → −τ gives rise to a time-reversed Hamiltonian.
Note that the total effect of both valleys, as described in
four–spinor notations (see Ref. 8, and references therein),
respects time–reversal invariance. We shall use the ap-
propriate 4–spinor notations (7) in what follows to de-
scribe solutions of the problem more conveniently.
Since our problem has cylindrical symmetry, we use
polar coordinates r, ϕ in the xy plane, then the Dirac
equation splits into a system of two equations
{
EΨ1,τ + e
−iτϕ(i∂r +
τ
r ∂ϕ + iτ |e|Aϕ)Ψ2,τ = 0,
EΨ2,τ + e
iτϕ(i∂r − τr ∂ϕ − iτ |e|Aϕ)Ψ1,τ = 0.
(8)
One can see that there are relations between two com-
ponents of the wave function with different valley indices
τ = ±1, i.e. Ψ1,τ = Ψ2,−τ ; Ψ2,τ = Ψ1,−τ . According
to these relations, the Dirac equation may be solved just
for τ = +1. For this reason, we shall omit “+”sign in the
subscripts in the following formulas, so Ψ1 = Ψ1,+, etc.
The role of other brunch of solutions with τ = −1 will
be considered later with the use of Appendix A. We will
search for solutions in the following form:
{
Ψ1(r, ϕ) = e
i(l−1)ϕΨ1(r),
Ψ2(r, ϕ) = e
ilϕΨ2(r),
(9)
where l = . . . ,−2,−1, 0,+1,+2, . . . is the orbital quan-
tum number. Let us introduce a dimensionless variable
ρ = r2|e|B/2, then the Dirac equations look like
{
Ψ1 = −i
√
ρ
λ (∂ρ +
l+µ
2ρ +
1
2 )Ψ2,
Ψ2 = −i
√
ρ
λ (∂ρ − l+µ−12ρ − 12 )Ψ1,
(10)
where instead of the energyE we introduced a dimension-
less parameter λ = E
2
2|e|B (we assume here that B > 0;
for situation with ~B antiparallel to Oz, see Appendix A).
One can substitute Ψ2 from the second equation to the
first one and vice versa to obtain the following equations
[
∂2ρ +
1
ρ
∂ρ − 1
4
− (l + µ− 1)
2
4ρ2
+
2λ− l − µ
2ρ
]
Ψ1(ρ) = 0,
(11)[
∂2ρ +
1
ρ
∂ρ − 1
4
− (l + µ)
2
4ρ2
+
2λ− l − µ+ 1
2ρ
]
Ψ2(ρ) = 0.
(12)
The general solutions for these equations can be found
3(see also Ref. 36)
Ψ1(ρ) = C1 e
−ρ/2 ρ|l+µ−1|/2× (13)
× Φ
(
1
2
(l + µ+ 1 + |l + µ− 1| − 2λ), 1 + |l + µ− 1|; ρ
)
+D1 e
−ρ/2 ρ−|l+µ−1|/2×
× Φ
(
1
2
(l + µ+ 1− |l + µ− 1| − 2λ), 1− |l + µ− 1|; ρ
)
,
Ψ2(ρ) = C2 e
−ρ/2 ρ|l+µ|/2× (14)
× Φ
(
1
2
(l + µ+ |l + µ| − 2λ), 1 + |l + µ|; ρ
)
+D2 e
−ρ/2 ρ−|l+µ|/2×
× Φ
(
1
2
(l + µ− |l + µ| − 2λ), 1− |l + µ|; ρ
)
,
where C1, C2, D1, D2 are constants, related by the Dirac
equations (8), and Φ(a, b; ρ) is the confluent hypergeo-
metric function42.
One can see that Eqs. (11)-(12) and their solutions
(13)-(14) have the same form as for the pure homoge-
neous magnetic field43 (i.e. without the Aharonov–Bohm
vortex), but for an additional summand µ, changing l to
l+ µ. Since the flux µ is not apriory an integer number,
we introduce its fractional part µ˜ according to
µ = µ0 + µ˜, (15)
µ0 = 0,±1,±2 . . . , 0 ≤ µ˜ < 1.
If ρ → ∞ the confluent hypergeometric function be-
haves as eρ, thus the hypergeometric series should be re-
duced to a Laguerre polynomial Lkq (ρ). To this end one
should put the first arguments of the confluent hyper-
geometric functions in Eqs. (13)–(14) to be equal to the
non-positive integer numbers. Unfortunately, it is impos-
sible to reduce both confluent hypergeometric functions
that enter the solutions (13)-(14) of the Dirac Eqs. (11)-
(12) with coefficients C and D to a polynomial at the
same time, since parameter λ is proportional to the en-
ergy squared and therefore has the same value for both
equations, but |l+µ− 1|, generally speaking, is not inte-
ger due to the presence of the non-integer term µ. Thus,
one has to put either C, or D coefficient to be equal to
zero. Here we take D1 = D2 = 0 in order to keep the
solution with a correct behaviour in the ρ → 0 limit36.
Now, to reduce the hypergeometric series to a Laguerre
polynomial we put the first argument of the confluent
hypergeometric function in Eq.(14) to be equal to the
non-positive integer number −s (s = 0, 1, 2, . . . ), which
can be written in the form of the energy spectrum
2λ = 2s+ l + µ+ |l+ µ|. (16)
Then we go over to “modified” orbital quantum numbers
l˜ = l + µ0 (17)
and obtain
2λ = 2s+ l + µ+ |l+ µ| = 2s+ l˜ + µ˜+ |l˜+ µ˜|, (18)
Consider two cases:
Let a) l˜ ≤ 0: Then, the energy spectrum (18) does
not depend on the flux µ and is given by λ = n, where
n = 0, 1, 2, . . . is the principal (Landau) quantum num-
ber. It is the well known result of appearance of quan-
tized Landau levels in graphene in a magnetic field (see
Ref. 44 chapter 2.2), when the energy E =
√
2|e|Bλ de-
pends on n like E ∼ √n45. The wave function in this
case is given by the following relation
Ψ(ρ) =
(
Ψ1(ρ)
Ψ2(ρ)
)
(19)
=
(
C1 e
i(l−1)ϕ e−ρ/2 ρ−(l˜+µ˜−1)/2L
−(l˜+µ˜−1)
n (ρ)
C2 e
ilϕ e−ρ/2 ρ−(l˜+µ˜)/2L
−(l˜+µ˜)
n (ρ)
)
.
For this trivial case, we obtained the zero–energy modes
with n = 0, which are protected by the topology (see
Ref. 44 chapter 2.3). This means, that the electron tra-
jectory does not capture the Aharonov–Bohm vortex and
is affected only by the constant magnetic field.
b) Let l˜ > 0: Then, from Eq. (18) one has
2λ = 2s+ l˜ + µ˜+ |l˜ + µ˜| = 2(s+ l˜ + µ˜), (20)
where s = 0, 1, 2, . . . is the radial quantum number. In
this way, the confluent hypergeometric function trans-
forms to the Laguerre polynomial Lns (see, e.g. Ref. 43).
Now the energy spectrum is given by the relation λ =
n+ µ˜ in dimensionless terms, or46
E2 = 2|e|B(n+ µ˜), (21)
where the principle number is n = s + l˜ = s + l + µ0 =
1, 2, 3, . . . , where we recall that µ0 = 0,±1,±2 . . . . For
this nontrivial case the wave function is given by
Ψ(ρ) =
(
Ψ1(ρ)
Ψ2(ρ)
)
(22)
=
(
K1 e
i(l−1)ϕ e−ρ/2 ρ(l˜+µ˜−1)/2Ll˜+µ˜−1s (ρ)
K2 e
ilϕ e−ρ/2 ρ(l˜+µ˜)/2Ll˜+µ˜s (ρ)
)
.
It is important that in this case there are no zero en-
ergy states, which means that the topology is changed,
in other words now the electron trajectory captures the
Aharonov–Bohm vortex inside, which affects the energy
spectrum. The energy spectrum is similar to the case of
charged impurity on the two dimensional graphene sur-
face (Ref. 44 chapter 2.10), thus the Aharonov–Bohm
vortex plays the role of the impurity or the defect.
III. EFFECTIVE POTENTIAL AND VACUUM
CURRENT
Here we focus our attention only on the nontrivial case,
when electrons are affected both by a constant homo-
geneous magnetic field and the Aharonov–Bohm field.
4The effective potential of the model can be calculated us-
ing the Fock–Schwinger proper time method47 (see also
Refs. 48–51)
Veff =
1
2
1
ST
Tr
∫ ∞
0
dz
z
e−z[p
2
0
+E2]
=
1
2
1
S
∑
q
1
2π
∫ ∞
0
dz
z
∫ +∞
−∞
dp0 e
−z(p2
0
+E2)
=
1
4Sπ
∑
q
∫ ∞
0
dz
z
√
π
z
e−zE
2
, (23)
where ST is the (2+1)D volume, S = πR20 is the area
of the 2D graphene sample (R0 is large but finite), and
E2 is the square of the energy (21), i.e. the eigenvalue of
H2D, for quantum states with numbers q = n, s, τ = ±1,
and ǫ = ±1 as the sign of the energy E = ǫ|E|. We shall
further consider separately two possible cases: τ > 0 and
τ < 0:
Let a) τ = +1: Recall that according to s + l˜ = n,
where s = 0, 1, 2, ...; l˜ = 1, 2, 3, ...; we have n = 1, 2, 3, . . .
for Landau quantum number. Thus summation over l˜
and s can be replaced by summation over n and s. Ac-
cording to43 one can obtain the radius of the semiclas-
sical circular electron trajectory rn =
√
(2n+ 1)/|e|B,
and consequently, the typical size of the localized states
in Landau level, i.e. the so called magnetic length is
equal to rB =
√
1/|e|B. At the same time, the deviation
of the center of the trajectory from the origin in terms of
quantum number s is defined as a =
√
(2s+ 1)/|e|B.
The magnetic field strength in continuous regime can
be taken to be of the order of B ≥ 1T and in super-
conductor devices ≥ 10T, while in pulsed regime it can
reach ∼ 100T, the extremely strong field that could be
obtained in the laboratory is ∼ 1000T in pulsed regime.
Consider comparatively weak fields B ∼ 1T, when
the magnetic length rB ≤ 30 nm. The radius of the
Aharonov–Bohm vortex in graphene is comparable to the
distance between the neighbouring atoms and can be ap-
proximated by R = 1nm. Then we may assume that
rB ≫ R. For instance, if R = 1nm and rB = 30 nm the
ratio (R/rB)
2 ≈ 10−3. At the same time the size of the
graphene sheet may be R0 ≥ 10R.
The energy spectrum depends only on n and does not
include quantum number s, which means, in classical
terms, that the center of the circular trajectory of a par-
ticle can not be fixed, and hence summation over this
number should be made with regard to this degener-
acy. For the classical electron trajectory to ”embrace”
the circular vortex of radius R, we have a natural ge-
ometrical condition rn ≥ R + a, which is equally true
for R < a, as well as for R = a, or R > a. In this
case
√
2n+ 1 ≥
√
|e|BR + √2s+ 1 and in weak fields√
|e|BR ≪ 1 we have n ≥ s. For the realistic situation
with magnetic fields as described above, we arrive at the
condition for summation over n and s (recall that under
the condition for l˜ > 0 the trajectory of the particle ”em-
brace”s the vortex, and the value n = 0 is excluded from
the spectrum)
n ≥ s+ 1, 0 ≤ s < smax, (24)
where smax ≈ |e|BR20/2. Then summation over n is
made, assuming that the upper limit under the condi-
tion |e|B ≪ 1/R2 can be extended to infinity
+∞∑
n=s+1
e−2|e|Bzn =
e−2|e|Bz(s+1)
1− e−2|e|Bz , (25)
and hence summation over s results in
smax∑
s=0
∞∑
n=s+1
e−2|e|Bzn =
e−2|e|Bz
1− e−2|e|Bz
1− e−2|e|Bz(smax+1)
1− e−2|e|Bz .
(26)
In the problem without a vortex for a uniform plane with
a homogeneous magnetic field perpendicular to the plane
this limitation n > s for summation over n should be
omitted and the contribution of n = 0 with consideration
for only one spin state for n = 0 should be included.
Then, instead of (25) one can get
2
(
+∞∑
n=1
e−2|e|Bzn+
1
2
)
=
2 e−2|e|Bz
1− e−2|e|Bz + 1 = coth |e|Bz.
(27)
Here factor 2 accounts for two spin orientations in the
state with n 6= 0, while in the ground state n = 0 only
one spin orientation is possible and this gives an addi-
tional second term in (27). Summation over s gives the
degeneracy factor
smax∑
s=0
1 = smax + 1 ≈ |e|BR20/2. (28)
Thus we may arrive, after appropriate subtraction and
renormalization, at just what we have for 4D space-time
effective Lagrangian, i.e. the well known Heisenberg–
Euler formula (see, e.g.,50,52) – in a magnetic field
Leff = − 1
8π2
∞∫
0
dz
z
e−zm
2
[ |e|B
z
coth(|e|zB)− 1
z2
− e
2B2
3
]
.
(29)
In this paper we consider the situation with an
Aharonov–Bohm vortex, described by formula (26), and
we use the fundamental restriction l˜ > 0 for the wave-
function, which means that the semiclassical trajectory
of the particle should ”embrace” the vortex. Moreover,
the value n = 0 is excluded from the spectrum to avoid
particle penetration into the vortex.
One should note, that with these conditions taken into
account, the results for the effective potential and for the
induced current (which follows) can not go over to the
corresponding limiting formulas with B → 0.
5Under these restrictions, we obtain the effective po-
tential that takes into account both the Aharonov–Bohm
vortex and the homogeneous magnetic field.
Veff =
1
4Sπ
∑
n,s
∫ ∞
1
Λ2
dz
z
√
π
z
e−zE
2
(30)
=
1
4Sπ
∫ ∞
1
Λ2
dz
z
√
π
z
(1− e−2eBzsmax) e−2eBz(µ˜+1)
(1− e−2eBz)2 .
This integral diverges at the lower limit z → 0, thus
we introduced the cutoff parameter Λ−2, such that
|e|BΛ−2 ≪ 1. The main contribution to this integral is
given by z|e|B ≪ 1, then z|e|Bsmax ∼ |e|BsmaxΛ−2 ≪ 1.
We study the real material that has a periodical atomic
structure and according to the Debye theory of solids we
should introduce the physical restriction on the wave-
length and in consequence on the value of the proper
time lower limit Λ−2 that will regularize the result. This
restriction should be based on the structure of the ma-
terial, i.e. it should be related to the characteristic
length of the model. Parameter Λ−2 has the dimen-
sion of [Length2] and one may put it equal to the area
of the Aharonov–Bohm vortex in graphene Λ−2 = πR2.
Then z|e|Bsmax ∼ |e|BsmaxΛ−2 ∼ (|e|B)2R20πR2/2 and
if (R/rB)
2 ≈ 10−3, for R0 ≥ 10R we have z|e|Bsmax ∼
10−6(R0/R)
2 ∼ 10−4 ≪ 1 and
1− e−2|e|Bzsmax
(1 − e−2|e|Bz)2 ≈
smax
2|e|Bz =
R20
4z
. (31)
Thus, the degeneracy factor, which is proportional to R20,
is cancelled by S in the denominator of Eq.(30), and the
result is
Veff =
1
4Sπ
∫ ∞
Λ−2
dz
z
√
π
z
smax
2|e|Bz e
−2|e|Bz(µ˜+1)
=
1
16π2
∫ ∞
Λ−2
dz
z2
√
π
z
e−2|e|Bz(µ˜+1) . (32)
In fact, we may apply the restriction n ≥ 1 and approxi-
mately use Eq. (25) for summation starting with n = 1
+∞∑
n=1
e−2|e|Bzn =
e−2|e|Bz
1− e−2|e|Bz , (33)
and then sum over s using summation formula (28) and
we arrive at the same Eq. (32), thus justifying the validity
of our above made approximations.
The integral in Eq. (32) can be computed exactly
Veff =
√
π
16π2
(
4
3
√
π
(
2|e|B(µ˜+ 1))3/2erf(√2|e|Bz(µ˜+ 1))
+
8|e|Bz(µ˜+ 1)− 2
3z3/2
e−2|e|Bz(µ˜+1)
)∣∣∣∣
+∞
Λ−2
, (34)
where erf is the Error Function. Considering erf(0) = 0,
erf(+∞) = 1 and |e|BΛ−2 ≪ 1, one obtains
Veff =
(
2|e|B(µ˜+ 1))3/2
12π
−(
4|e|B(µ˜+ 1)− Λ2)Λ
24π3/2
e−2|e|B(µ˜+1)/Λ
2
. (35)
Subtracting the term that does not depend on the mag-
netic field B, in the limit |e|B ≪ Λ2 putting Λ−2 = πR2,
we have
Veff = −|e|B(µ˜+ 1)
4π2R
+
(
2|e|B(µ˜+ 1))3/2
12π
. (36)
As an illustration of the vacuum structure of the model
we calculate the induced current
Jϕ =
∂Veff
∂AABϕ
, (37)
where AABϕ is the Aharonov–Bohm potential (2), defined
for r ≥ R, so AABϕ = µr|e| . Recall that we considered in
this part of the article the contribution of the branch of
the spectrum with τ > 0. In order to further distinguish
this contribution we now call the corresponding part of
the current J
(+)
ϕ . We have from (32)
J (+)ϕ = |e|r
∂Veff
∂µ˜
= −e
2Br
8π2
∫ ∞
1
Λ2
dz
z
√
π
z
e−2|e|Bz(µ˜+1) =
− e
2Br
√
π
4π2
(√
π
√
2|e|B(µ˜+ 1) erf(√z2|e|B(µ˜+ 1))
+
e−2|e|Bz(µ˜+1)√
z
)∣∣∣∣
∞
Λ−2
, (38)
or considering erf(0) = 0, erf(+∞) = 1, with the as-
sumption that |e|BΛ−2 ≪ 1, we have
J (+)ϕ = −
e2B
4π2
r
R
(
1− πR
√
2|e|B(µ˜+ 1)
)
,
for R0 ≥ r ≥ R, R
√
|e|B ≪ 1. (39)
Let b) τ = −1: Now we consider contribution of the
τ = −1 brunch of the spectrum. According to Eq. (A11)
from Appendix A we have for the energy now
E2 = 2|e|B(n− µ˜), (40)
and hence
V
(−)
eff = −
|e|B(1− µ˜)
4π2R
+
(
2|e|B(1− µ˜))3/2
12π
. (41)
In this case the solution for the induced current will look
like
J (−)ϕ =
e2B
4π2
r
R
(
1− πR
√
2|e|B(1− µ˜)
)
,
for R0 ≥ r ≥ R, R
√
|e|B ≪ 1. (42)
6The total current is the sum J totϕ = J
(+)
ϕ + J
(−)
ϕ . Sum-
ming Eqs. (39) and (42), with the divergent at R → 0
contributions cancelling each other, one can see that
J totϕ =
e2Br
4π
(
√
2|e|B(µ˜+ 1)−
√
2|e|B(1− µ˜)). (43)
An interesting question arises: what happens when the
Aharonov–Bohm flux vanishes. Since in our calculations,
we assumed that only those solutions provide nonzero
contribution to the current that “embrace” the solenoid,
there is no simple way to go to the limit of vanishing
µ˜ → 0 starting just with Eq. (39). Indeed, for this
purpose we have to take the sum
J totϕ (µ˜ = 0) = J
(+)
ϕ (µ˜→ 0) + J (−)ϕ (µ˜→ 0), (44)
which gives J totϕ (µ˜ = 0) = 0 (with the divergent at R→ 0
contributions (see Eq. (39)) cancelling each other). By
the way, we see that the following symmetry takes place
J totϕ (µ˜) = −J totϕ (−µ˜), (45)
which is in agreement with Jackiw–Milstein
conclusion33,34 for the problem without homoge-
neous magnetic field. At the same time, the presence
of the preferred direction in this problem (the mag-
netic field) diminishes parity property with z → −z
and as a consequence there is no symmetry l → −l,
and contrary to Jackiw–Milstein conclusion valid for
only Aharonov–Bohm flux participating, there is no
symmetry |µ˜| → |µ˜| − 1 in this problem.
One remark is in order. In this problem, there is a pre-
ferred direction along the magnetic field, which we chose
to be parallel to Oz axis, i.e. ~B = (0, 0B) with B > 0.
At the same time we agreed to take the Aharonov–Bohm
flux µ to be positive, when it is also directed along the
Oz axis and thus is parallel to ~B. In the situation, when
the magnetic field points in the direction opposite to Oz,
~B = (0, 0 − B), while µ is still directed along Oz, solu-
tions of the Dirac equation change and for the energy we
have (see Appendix A)
E2 = 2|e|B(n− µ˜). (46)
It is evident that in the inverse situation with the mag-
netic field still pointing in the z−direction, but the
µ−flux taken to be positive when it is antiparallel to Oz
and, hence, to ~B, the solution (42) is also valid.
IV. ELECTRIC CURRENT IN STRONG
MAGNETIC FIELD
It is also possible to determine not only the vacuum
current, but also the current of the real electrons in our
model in the presence of a magnetic field. Description of
the wave function of the real electrons as a superposition
of the bare states (22) is a rather difficult procedure, be-
cause it is impossible to determine exactly in what state
every electron is located. Nevertheless, there is one par-
ticular case, where it is possible to determine such wave
package. Electrons under the strong magnetic field lay on
the lowest energy level n = 0, which is infinitely degener-
ate in the quantum number l 6 0. The energy spectrum
in the limit of strong magnetic field corresponds to the
trivial case in the absence of the vortex and is given by
λ = n. Then, electronic state can be described by the
wave function
ΨHFL(ρ) =
∑
l60
Cl
(
ei(l−1)ϕ e−ρ/2 ρ−(l˜+µ˜−1)/2
eilϕ e−ρ/2 ρ−(l˜+µ˜)/2
)
, (47)
because La0(ρ) = 1. Then, the electric current is given by
the following equation
jx = Ψ
†σxΨ
= e−ρρ
1
2
−µ˜

∑
l60
Cle
−ilϕρ−l˜/2



∑
l60
Cle
ilϕρ−l˜/2

 eiϕ+
e−ρρ
1
2
−µ˜

∑
l60
Cle
−ilϕρ−l˜/2



∑
l60
Cle
ilϕρ−l˜/2

 e−iϕ
= J0r cosϕ,
jy = J
0
r sinϕ, (48)
which means, that electric current of magnitude J0r is
directed along the Aharonov–Bohm vortex that plays the
role of an impurity in this problem.
V. CONCLUSIONS
In this paper, the electronic wave functions and en-
ergy spectrum for the graphene model with the super-
position of a constant magnetic field and an Aharonov–
Bohm vortex were obtained. For the non-positive values
of the “modified” orbital quantum number l˜ ≤ 0 the
energy spectrum does not depend on the magnetic flux
of the Aharonov–Bohm field, therefore the trajectory of
electrons does not capture the magnetic vortex. It is im-
portant that for this case the energy spectrum is degen-
erate, which allows us to calculate electronic current for
the strong magnetic field limit. This current is directed
strictly along the vortex, which was demonstrated in the
last Section. For the positive values of l˜ > 0, the energy
spectrum explicitly depends on the Aharonov–Bohm flux
and the magnetic vortex plays the role of a charged de-
fect. Furthermore, using the effective potential method,
the expressions for the vacuum current in the weak and
strong field limits were obtained.
7Appendix A: Energy spectrum for the second valley
and the opposite orientation of the magnetic field
a) Energy spectrum for the second valley:
Let us consider the case of τ = −1. Then
{
EΨ1,− + e
+iϕ(i∂r − 1r∂ϕ − i|e|Aϕ)Ψ2,− = 0,
EΨ2,− + e
−iϕ(i∂r +
1
r∂ϕ + i|e|Aϕ)Ψ1,− = 0.
(A1)
Now {
Ψ1,−(r, ϕ) = e
ilϕ Ψ1,−(r),
Ψ2,−(r, ϕ) = e
i(l−1)ϕ Ψ2,−(r),
(A2)
where l = . . . ,−2,−1, 0,+1,+2, . . . is the orbital quan-
tum number. Recall Φ = 2πµ/|e|. Then
Aϕ =
µ/|e|
r
+
1
2
Br, (A3)
and{
EΨ1,−(r) + (i∂r − 1r i(l− 1)− i|e|Aϕ)Ψ2,−(r) = 0,
EΨ2,− + (i∂r +
1
r il + i|e|Aϕ)Ψ1,− = 0,
(A4)
or{
EΨ1,−(r) + (i∂r − 1r i(l− 1)− iµr − i2Br)Ψ2,−(r) = 0,
EΨ2,−(r) + (i∂r +
1
r il+ i
µ
r +
i
2Br)Ψ1,−(r) = 0,
(A5)
and finally
{
Ψ1,− = −i
√
ρ
λ(∂ρ − l−µ−12ρ − 12 )Ψ2,−,
Ψ2,− = −i
√
ρ
λ(∂ρ +
l−µ
2ρ +
1
2 )Ψ1,−,
(A6)
where γ = |e|B/2 and ρ = γr2. This is equivalent to
replacement µ→ −µ and Ψ1,− → Ψ2,− and Ψ2,− → Ψ1,−
in Eq. (10), leaving the energy spectrum (21) unchanged
but for replacement µ˜→ −µ˜
E2 = 2|e|B(n− µ˜). (A7)
b) Energy spectrum for the case of magnetic
field ~B antiparallel Oz:
In Eqs. (8), (10) the following transformations can be
made
∂r − l − 1
r
− γr = √γρ
[
2∂ρ − 1− l − 1
ρ
]
, (A8)
∂r +
l
r
+ γr =
√
γρ
[
2∂ρ + 1 +
l
ρ
]
, (A9)
where γ = |e|B/2 and ρ = γr2. Let us suppose
that ~B points in the opposite direction ( ~B = (0, 0 −
B)). This leads to change in the signs in front of “1”
in the above equations and the following replacements
ei(l−1)ϕ → e−ilϕ and eilϕ → e−i(l−1)ϕ. Then instead of
(10) we obtain equations{
Ψ1 = −i
√
ρ
λ(∂ρ − l−µ−12ρ − 12 )Ψ2,
Ψ2 = −i
√
ρ
λ(∂ρ +
l−µ
2ρ +
1
2 )Ψ1,
(A10)
which is equivalent to replacement µ→ −µ and Ψ1 → Ψ2
and Ψ2 → Ψ1, leaving the energy spectrum (21) un-
changed but for replacement µ˜→ −µ˜
E2 = 2|e|B(n− µ˜). (A11)
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